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ABSTRACT 
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1. Int roduct ion  

I n  t h i s  paper w e  p re sen t  i n t e r i o r  r e g u l a r i t y  estimates f o r  f i n i t e  

d i f f e r e n c e  schemes f o r  e l l i p t i c  s y s t e m s  of p a r t i a l  d i f f e r e n t i a l  equat ions .  

W e  show t h a t  a l a r g e  c l a s s  of schemes f o r  e l l i p t i c  systems,  which w e  c a l l  

r e g u l a r  schemes, s a t i s f y  i n t e r i o r  r e g u l a r i t y  estimates analogous t o  those  

of t h e  corresponding d i f f e r e n t i a l  equat ions.  W e  a l s o  cons ider  some 

non-regular schemes and show t h a t  they s a t i s f y  weaker r e g u l a r i t y  estimates. 

By way of example, cons ider  t h e  Cauchy-Riemann equat ions  

a U  av 
ax ay - - - =  

a v  + - =  aU 
ax ay 
- 

on t h e  u n i t  square.  One poss ib l e  d i f f e r e n c e  approximation t o  t h i s  system 

is  a centered d i f f e r e n c e  scheme such as 

- u  V - v  i-1,j - i ,j+l i,j-1 = o  i+l, j U 

2h 2h 

V - v  U i , j+l  - u  i,j-1 i+l,j i-lJ + - 0  2h 2h 

i , j  = l , Z ; . * , N - l ,  

where h = 1 / N  and uij and v approximate u ( i h , j h )  and v ( i h , j h ) ,  

r e spec t ive ly .  Another p o s s i b l e  approach is  t o  use  a s taggered  mesh i n  which 

t h e  v a r i a b l e s  u and v are defined a t  d i f f e r e n t  p o i n t s  such as 

ij 

= o  i, j++ - ui, j-+ U "i+a,j - vi+,j + 

h h 
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approximates vie, j approximates u ( i h ,  ( j+i)h)  and 
ui ,j++ 

v ( ( i + & ) h , j h ) .  

where 

I n  s e c t i o n  5 w e  show t h a t  t h e  s o l u t i o n s  of t h e  s taggered  scheme (1.31, 

which i s  a regular  scheme, s a t i s f y  r e g u l a r i t y  estimates analogous t o  those  

of t h e  Cauchy-Riemann equat ions  themselves,  whi le  t he  s o l u t i o n s  of t he  

centered  scheme ( 1 . 2 ) ,  a non-regular scheme, s a t i s f y  weaker estimates. The 

r e g u l a r i t y  es t imates  f o r  t h e  s taggered  scheme (1.3) are a consequence of 

Theorem 2 . 1 ,  the i n t e r i o r  r e g u l a r i t y  estimate f o r  gene ra l  r e g u l a r  schemes. 

The f a i l u r e  of t he  s o l u t i o n s  of t h e  scheme (1.2) t o  s a t i s f y  r e g u l a r i t y  

estimates analogous t o  those  s a t i s f i e d  by s o l u t i o n s  of t h e  d i f f e r e n t i a l  

equat ions  (1.1) is a d i r e c t  consequence of t he  non-regular i ty  of t h e  scheme 

(1.2).  

The ou t l ine  of  t h e  paper is as fol lows.  The main d e f i n i t i o n s  and t h e  

s ta tement  of the main theorem are presented  i n  s e c t i o n  2.  

r e s u l t  of t h i s  paper is  t h e  i n t e r i o r  r e g u l a r i t y  estimate, Theorem 2 . 1 ,  

which, f o r  a regular  e l l i p t i c  system of d i f f e r e n c e  equat ions  L u  = f ,  

expresses  t h e  smoothness of t he  s o l u t i o n  u i n  t h e  i n t e r i o r  of t h e  domain 

R i n  terms of t h e  smoothness of t h e  d a t a  f i n  R. A s  an a p p l i c a t i o n  w e  

p re sen t  Theorem 2.2  which states t h a t  i f  t h e  s o l u t i o n s  

system of d i f f e rence  equat ions  converge as h tends  t o  ze ro  t o  t h e  s o l u t i o n  

u of an e l l i p t i c  system of d i f f e r e n t i a l  equa t ions ,  and i f  t h e  d i f f e r e n c e  

equat ions  are a s u f f i c i e n t l y  accu ra t e  approximation t o  t h e  d i f f e r e n t i a l  

equat ions ,  then t h e  d i f f e r e n c e  q u o t i e n t s  of 

same rate  t h a t  \ - u converges t o  zero.  Sec t ion  3 i s  devoted t o  developing 

t h e  theory of pseudo-difference ope ra to r s  which i s  used i n  t h e  proofs  of t h e  

r e g u l a r i t y  theorems. 

I n  s e c t i o n  5 severa l  examples of r egu la r  and non-regular d i f f e r e n c e  schemes 

The p r i n c i p a l  

uh of a r egu la r  e l l i p t i c  

\ - u converge t o  zero  a t  t h e  

The i n t e r i o r  r e g u l a r i t y  theorems are proved i n  s e c t i o n  4 .  
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are presented.  

might use i n  deciding on a numerical scheme f o r  a p a r t i c u l a r  problem. 

W e  a l s o  p re sen t  some p r a c t i c a l  cons ide ra t ions  which one 

W e  have been c a r e f u l  t o  separa te  t h e  s ta tements  of t h e  r e s u l t s  from 

t h e  methods used i n  t h e  proofs .  Therefore,  t h e  r eade r  who is i n t e r e s t e d  

only i n  t h e  r e s u l t s  of t h i s  paper need n o t  read s e c t i o n s  3 o r  4 b u t  

r a t h e r  can concent ra te  on s e c t i o n  5 where t h e  method is  app l i ed  t o  

several examples w i t h  r e fe rences  t o  t h e  main theorems of s e c t i o n s  2 ,  3 ,  

and 4. 

Both r e g u l a r  and non-regular schemes have been used f o r  computations 

wi th  e l l i p t i c  systems. For t h e  Cauchy-Riemann equat ions  a r e g u l a r  

s taggered  scheme has been used by G h i l  and Balgovind [1979] and Lomax 

and Mart in  [1974]. Frequent ly  e l l i p t i c  systems arise as p a r t  of a l a r g e r ,  

more complex problem. The numerical s o l u t i o n  of t h e  Stokes equat ions  o r  a 

similar e l l i p t i c  system is  o f t en  a p a r t  of an a lgor i thm f o r  the i n t e g r a t i o n  

of t h e  time-dependent incompressible Navier-Stokes equat ions.  In t h i s  

contex t  s taggered  meshes have been used by Harlow and Welch [1964], Patankar  

and Spalding [1972], and o the r s ,  while a centered  scheme has  been used by 

Chorin [1967, 19681. For such computations t h e  o v e r a l l  accuracy of t h e  

s o l u t i o n  depends on many f a c t o r s ,  such as boundary cond i t ions ,  t rea tment  

of n o n l i n e a r i t i e s ,  etc.,  and thus  the use  of a non-regular scheme need no t  

e n t a i l  a less accura t e  so lu t ion .  This t o p i c  i s  a l s o  d iscussed  i n  s e c t i o n  5. 

The theory  of pseudo-difference ope ra to r s  developed i n  s e c t i o n  3 p a r a l l e l s  

t h e  theory of p seudo-d i f f e ren t i a l  opera tors  t h a t  has  proven so u s e f u l  f o r  

t h e  s tudy  of p a r t i a l  d i f f e r e n t i a l  equations.  W e  r e f e r  t h e  reader  t o  

Nirenberg [1970] and Taylor [1974] for i n t r o d u c t i o n s  t o  t h e  theory  and appl i -  

c a t i o n s  of pseudo-di f fe ren t ia l  opera tors .  

t r a n s l a t i o n  ope ra to r s  have been s tudied  previous ly  by Va i l l ancour t  [1969], 

Pseudo-difference and pseudo- 
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L a x  and Nirenberg [1966],  and Yamaguti and Nogi [1967]. The theory  p re -  

sen ted  h e r e  d i f f e r s  from t h e s e  o t h e r  t h e o r i e s  i n  t h a t  i t  emphasizes t h e  

order  of a pseudo-difference opera tor .  Considering pseudo-difference 

ope ra to r s  w i t h  order  a l lows one t o  o b t a i n  t h e  r e g u l a r i t y  estimates i n  a 

way t h a t  is analogous t o  t h a t  used i n  t h e  theory of p seudo-d i f f e ren t i a l  

opera tors .  

The i n t e r i o r  r e g u l a r i t y  estimates given i n  s e c t i o n s  2 and 4 are 

analogous t o  Sobolev i n t e r i o r  r e g u l a r i t y  estimates f o r  e l l i p t i c  systems 

of p a r t i a l  d i f f e r e n t i a l  equat ions ;  see Agmon e t  a l .  [1964, p. 771.  

T- l l lLerior  t r e g u l a r i t y  estimates f o r  d i f f e rence  approximations t o  a s i n g l e  

e l l i p t i c  equat ion have been given by Thomge and Westergren [ 19681. 

r e s u l t s  have been given by Vainikko and Tamme [1976] .  

S i m i l a r  

Brandt and Dinar [I9791 have d iscussed  r e g u l a r i t y  f o r  systems of 

e l l i p t i c  d i f f e r e n c e  schemes. Our d e f i n i t i o n  of a r egu la r  d i f f e r e n c e  

scheme corresponds t o  t h e i r  d e f i n i t i o n  of T - e l l i p t i c i t y .  They no te  t h a t  

schemes which lack r e g u l a r i t y  (i.e. are no t  T - e l l i p t i c )  can cause numerical  

s o l u t i o n  procedures,  such as t h e  mul t i - l eve l  adapt ive  technique,  t o  be 

uns tab le  un le s s  g r e a t  ca re  is  taken. 

Using t h e  i n t e r i o r  r e g u l a r i t y  estimate w e  show how t o  ob ta in  estimates 

on t h e  convergence of h igher  o rde r  d i f f e r e n c e s  of t he  s o l u t i o n s  t o  t h e  

d i f f e r e n c e  equat ions t o  t h e  corresponding d e r i v a t i v e s  of t h e  s o l u t i o n  of 

t h e  d i f f e r e n t i a l  equat ion.  

and Westergren [1968] and Vainikko and Tamme [1976] f o r  a s i n g l e  e l l i p t i c  

equation. Bramble and Hubbard [19641 proved s imilar  convergence r e s u l t s  

f o r  a s i n g l e  e l l i p t i c  equat ion by using the  d i s c r e t e  Green's func t ion .  

These r e s u l t s  have been obtained by Thomge 

For t h e  f i n i t e  element method, F ix  e t  a l .  [1977] emphasize t h e  

importance of r e g u l a r i t y  estimates i n  ob ta in ing  opt imal  rates of convergence 
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as t h e  mesh is  re f ined .  The Grid Decomposition Property of F ix  e t  a l .  

[1977] i s  t h e  requirement t h a t  a r e g u l a r i t y  estimate holds  f o r  t h e  d i s c r e t e  

f i r s t - o r d e r  Poisson equat ion  with a p a r t i c u l a r  form of t h e  da t a .  I t  appears  

t o  be n o n t r i v i a l  t o  show whether or  n o t  a given f i n i t e  element space sat is-  

f i e s  t h e  Grid Decomposition Property. I n  c o n t r a s t ,  t o  check t h e  r e g u l a r i t y  

of a f i n i t e  d i f f e r e n c e  scheme involves only a l g e b r a i c  manipulat ion.  The 

r e g u l a r i t y  estimate f o r  t he  d i f fe rence  equat ions  then fol lows from t h e  

r e g u l a r i t y  of t h e  scheme. For t h e  f i n i t e  element method appl ied  t o  a s i n g l e  

e l l i p t i c  equat ion ,  i n t e r i o r  convergence estimates have been obtained by 

Bramble and Thomge [1974]. 

I n  a forthcoming paper,  w e  w i l l  prove r e g u l a r i t y  estimates up t o  t h e  

boundary i n  domains wi th  boundary-fi t ted coord ina te  systems. We w i l l  use  

t h e s e  r e g u l a r i t y  estimates t o  derive estimates on t h e  rate of convergence 

of t h e  s o l u t i o n s  of t h e  d i f f e rence  approximations t o  t h e  s o l u t i o n  of t h e  

system of d i f f e r e n t i a l  equat ions.  

2. P re i imina r i e s  and Stateiiierit of t h e  Main Thecrem 

W e  d e f i n e  e l l i p t i c  s y s t e m s  of p a r t i a l  d i f f e r e n t i a l  equat ions  as w a s  

done by Douglis and Nirenberg [19551. 

D e f i n i t i o n  2 .1  For i , j  = l , * * . , n ,  l e t  R (x,D) be a l i n e a r  d i f f e r e n t i a l  i i  - 
a -) with  v a r i a b l e  

, axd 

a opera to r  expressed asa  polynomial in  D = (-i 

c o e f f i c i e n t s  depending on x E IR'. The system of p a r t i a l  d i f f e r e n t i a l  

equat ions  

n 

is  e l l i p t i c  i f  t h e r e  are sets of i n t ege r s  {ai):=, and {-cj};=l such t h a t  

t h e  polynomials R . (x ,<)  as polynomials i n  < E: IRd s a t i s f y  
i J  
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and 

d e t  R I .  (x,S) 0 f o r  5 + o 
1J 

where 2 i j ( x , ( )  i s  t h a t  p a r t  of R . .  (x,C) t h a t  is of degree ai + T i n  

5. A polynomial of nega t ive  degree is  i d e n t i c a l l y  ze ro  by d e f i n i t i o n .  

IJ j 

Note t h a t  d e t  R' .(x,E) is  a polynomial i n  5 which is  homogeneous 
i J  

n 

1=1 of degree  2p = .z (o i+Ti) .  The determinant  condi t ion  i n  t h e  d e f i n i t i o n  

is  equ iva len t  t o  

2 d 2  where = 1 5,. Without l o s s  of g e n e r a l i t y ,  w e  may assume t h a t  
i=l 

max ai = 0 and min T .  > 0. 
J -  

Severa l  examples of e l l i p t i c  systems wi th  appropr i a t e  va lues  f o r  t h e  

ai's and T ' s  are: 
j 

1 )  The inhomogeneous Cauchy-Riemann equat ions  

'I = T2 = 1. 1 Ul = o2 = 0 
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2) The f i r s t - o r d e r  Poisson equations 

u - 32 = f l (x ,y )  

v - 3 P  = f2 (x ,y )  

& + & =  a x  ay f3(X’Y) 

ax 

a Y  

0 = a2 = -1, a3 = 0, -rl = T 2  = 1, T3 = 2. 1 

3) The Stokes equat ions  

v2u + 3P ax = f l (x ,y)  

2 v v + aY = f2 (x ,y )  

- + - =  ax ay f3(X,Y) 
a U  av 

u1 = a2 = 0, a3 = -1, Tl = -r2 = 2, ‘I 3 = 1. 

Before de f in ing  r e g u l a r  e l l i p t i c  systems of d i f f e r e n c e  equat ions ,  w e  

must in t roduce  some nota t ion .  For h > 0 and p E Z d ,  t h e  t r a n s l a t i o n  

ope ra to r  T: is  def ined  by 

d (T:u)(x) = u(x+hP)  f o r  x E W . 

e 
The forward and backward d i f fe rence  ope ra to r s  6: and - are given by 

-e 
6 j = g(I-Th j) - 
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d d 
where 

u 
a i s  a multi- index and w e  de f ine  

(ej  1 j=l  i s  t h e  usua l  b a s i s  f o r  IR . For v,v E Z , w e  w r i t e  

v i f  p j  V j  f o r  j = l , * * * , d .  If a E Ed and a - > 0 ,  we say  t h a t  

If a is  a multi-index, d e f i n e  

a d e j  aj 
6, = n (6, ) . 

A t r a n s l a t i o n  opera tor  i s  an ope ra to r  A of the  form 

Au = a (h,x)Th lJ u , 
1-I P E M  

where M is a f i n i t e  subse t  of Z d  and each a i s  a smooth func t ion  

of x E IRd fo r  each h > 0. For convenience, we w i l l  always assume 0 E M 

even i f  a (h,x) E 0. We assume he re  and subsequent ly  t h a t  h 5 hmax f o r  

some f ixed  hmax. 

v 

0 

The symbol of t h e  t r a n s l a t i o n  ope ra to r  A given by equat ion  (2.6) is t h e  

func t ion  

d 
The symbol a(h,x,S) w i l l  u sua l ly  be eva lua ted  a t  5 = h5 f o r  6 E Z . 
a (h ,x ,< )  is 2n-periodic i n  each Gj. Also 

A(eix*') = a(h ,x ,hS)e  ix- 5 . 
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We only allow translates which are i n t e g e r  m u l t i p l e s  of t h e  mesh 

width h .  This  is  t o  keep t r a c k  of t he  smallest e f f e c t i v e  d i s t a n c e  

between g r i d  po in t s .  This  does not e l imina te  s taggered  g r i d s :  w e  view 

f r a c t i o n a l  t r a n s l a t e s  as a change of t h e  dependent v a r i a b l e s  i n s t e a d  of 

p a r t  of t h e  t r a n s l a t i o n  opera tor .  For example, i f  u and v are def ined  

on t h e  g r i d s  ( i h ,  ( j  + $ ) h )  and ( ( i + * ) h , j h )  i n  l R 2 ,  as i n  t h e  example 

i n  s e c t i o n  1, then  t h e  c l o s e s t  po in ts  i n  the  union of t h e  two g r i d s  are 

d i s t a n c e  h /& apart; but  u and v are both def ined  on uniform g r i d s  

of mesh width h. The r e g u l a r i t y  p r o p e r t i e s  of u and v should be 

examined on g r i d s  of mesh width h ,  no t  h/2 o r  h/&. A s  i n  computer 

programming where i n t e g e r  subsc r ip t s  must be used, we  can d e f i n e  new 

var  i ab le  s 

- - 
and write the  t r a n s l a t i o n  operator  i n  terms of u and v. 

The t r a n s l a t i o n  ope ra to r  (2.6) i s  c a l l e d  a d i f f e r e n c e  opera tor  of 

o rde r  m,  where m is  a non-negative i n t e g e r ,  i f  it can be  w r i t t e n  as a 

sum of terms of t h e  form 

e 

min vj and each such term satisfies: 
- 

where v = 
j v € M  
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( i i i )  a is a smooth func t ion  of x E IRd f o r  each h > 0 
t ,a 

( i v )  a and s u f f i c i e n t l y  many of i t s  x d e r i v a t i v e s  are bounded, 

independent of x and h. 

t ,a 

For example, t h e  centered d i f f e r e n c e  ope ra to r  i n  It1 i s  a 

d i f f e r e n c e  operator  of o rde r  1, 

1 -1 1 h 2 - 1  -(T1-T = (6+ + - 6 )T  . 
2h 2 +  

I f  a (x)  is smooth, Au = 6+6-(a(x)u) is  a d i f f e r e n c e  ope ra to r  of 

order  2 ,  

A = (6+6 a(x) )  I + 2 (  6+a(x))6+ + (T1a(x)) 6:)T-I. ( -  

To w r i t e  a t r a n s l a t i o n  opera tor  (2.6) as a sum of terms of t h e  form (2.8), 

f a c t o r  ou t  Ti- from the  r i g h t  of A ,  use  ThJ = I + h6: 

remaining occurences of T by I and 6+, and group terms by powers of 

e .  e 
t o  r ep lace  a l l  

+' 6 

Not every t r a n s l a t i o n  opera tor  

Th , b u t  a l l  s tandard  d i f f e r e n c e  
-1 el h 

i s  a d i f f e r e n c e  ope ra to r ,  e.g.  

schemes are i n  t h e  class of d i f f e r e n c e  

opera tors .  W e  u s e  t h i s  d e f i n i t i o n  of d i f f e r e n c e  scheme because it has  a 

well-defined concept of o rde r  and y e t  i s  very  genera l .  Also it w i l l  enable  

us  t o  show e a s i l y  t h a t  d i f f e r e n c e  ope ra to r s  are pseudo-difference ope ra to r s  

of t h e  same order as def ined  i n  s e c t i o n  3. 

W e  need a symbol which p l ays  t h e  same r o l e  f o r  d i f f e r e n c e  ope ra to r s  

t h a t  I C l 2  plays f o r  d i f f e r e n t i a l  ope ra to r s .  For < E IRd , l e t  
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. 

= 1 + Ao(hyC) 2 

A(h,?) i s  even and 2 ~ - p e r i o d i c  in  each 5 . Note t h a t  A . ( h y < ) 2  i s  t h e  
j J 

symbol of -6, ej 8- ej  . 

D e f i n i t i o n  2.2 For i , j  = l , - * * , n ,  l e t  Lij  be a d i f f e r e n c e  ope ra to r  

wi th  symbol 1 . .  (h,x,<). The sys tem of d i f f e r e n c e  equat ions  
1J 

(2.10) 
n 

j=1 
C L i j  uj (x) = fi(X) i=l , ,n  

and is a r e g u l a r  e l l i p t i c  system i f  there are sets of i n t e g e r s  {ui)?i 
such t h a t  each L i s  a d i f f e r e n c e  opera tor  of o rde r  a t  most 

i j  I T  1" j j=1 

oi + T and i f  t he re  are pos i t i ve  cons t an t s  C ,  <,, ho such t h a t  
j' 

(2.11) l d e t  Q.. (h,x,5) I - > C A(h,r;)2P 
1J 

n 

i- 1 f o r  h< < [ < I r n  < IT and 0 < h L h o  where 2p = C ( c J ~ + T ~ ) .  A d i f f e r e n c e  

ope ra to r  of nega t ive  o rde r  i s  i d e n t i c a l l y  ze ro  by d e f i n i t i o n .  

t he  system (2.10) is  r egu la r  e l l i p t i c  of order  

0 -  - 
We w i l l  say 

( 0 , ~ ) .  

Note t h a t  t h e  scheme (1.3) is r egu la r  e l l i p t i c  whi le  t h e  scheme (1 .2)  

is  not; see s e c t i o n  5. 

max u = 0 and min 'I > 0. 

Withoiii loss  of g e n e r a i i t y ,  w e  may assume t h a t  

i j -  



-12- 

This  d e f i n i t i o n  i s  equ iva len t  t o  t h e  d e f i n i t i o n  of T - e l l i p t i c i t y  

given by Brandt and Dinar [19791. 

d i f f e r e n c e  equation given by ThomGe and Westergren [ 19681 r e q u i r e s  t h e  

scheme t o  be  a cons i s t en t  approximation of an e l l i p t i c  d i f f e r e n t i a l  

equat ion  and have no lower order  terms; i f  t h i s  i s  so ,  t h e i r  d e f i n i t i o n  

i s  equ iva len t  t o  D e f i n i t i o n  2.2. 

The d e f i n i t i o n  of an e l l i p t i c  

d W e  now consider g r i d s  i n  a bounded domain 52 C IR . For each h > 0 

l e t  G(h,R) be a g r i d  i n  R. We assume t h a t  a t  each po in t  xo E R t h e r e  

is  a neighborhood N(xo) and a smooth map independent of h mapping 

N(xo) i n t o  IRd such t h a t  the image of N(x )n G ( h , n )  is  a uniform 

rec t angu la r  gr id  of mesh width h p a r a l l e l  t o  t h e  coord ina te  axes.  For 

s i m p l i c i t y ,  w e  w i l l  t r ea t  G(h,R) as i f  i t  w e r e  a uniform rec t angu la r  

g r i d  on R i t s e l f .  

0 

We d e f i n e  d i f f e r e n c e  norms i n  subdomains R1 of R.  Unlike d e r i v a t i v e s ,  

a 
+ t h e  va lue  of 6 u a t  a po in t  x does n o t  depend only on va lues  of u i n  

a r b i t r a r i l y  small neighborhoods of x. For any x E IRd and multi- index 

a, d e f i n e  t h e  d-dimens i o n a l  r e c t a n g l e  

j = l , * * * , d ) o  
j’ 

(2.12) R(h,x,a) = {y E Ed: x < y < x + ha 
j -  j -  j 

a For a given h and x ,  6+u(x) depends on va lues  of u i n  t h e  r ec t ang le  

R(h, x,a). We w i l l  inc lude  i n  t h e  d i f f e r e n c e  norm of u over R1 any 

d i f f e r e n c e  whose va lue  depends on va lues  of u i n  R1. Thus we  d e f i n e  



-13- 

For any i n t e g e r  s 2 0 and subdomain R C R,  d e f i n e  t h e  d i f f e r e n c e  norm 1 

These norms are  a d i s c r e t e  ve r s ion  of t h e  i n t e g r a l  norms 

(2.14) 

I f  T is  a mult i - indexy de f ine  

(2.15) 

We say  t h a t  a t r a n s l a t i o n  operator  A given by equat ion  (2.6) is  

de f ined  i n  52 i f ,  for each h > 0,  each a,(hyx) is  def ined  and is smooth 

f o r  x i n  

(2.16) 

+ -  
where V ,v E: Zd are g iven  by 

- 
min "lj 

+ 
max "j p € M  

v =  
j p E M  

v. = 

i f  h 5 h' .  Also + 
Since  w e  assume 

u R = R. W e  say t h a t  a t r a n s l a t r o n  opera tor  def ined  i n  R i s  a 

d i f f e r e n c e  opera tor  def ined  i n  R i f  i t  sa t i s f i e s  t h e  condi t ions  f o r  a 

o E M ,  v -205~  , s o  Rh',M c %,M 

h>O h,M 

d i f f e r e n c e  opera tor  f o r  x E % y M .  Note t h a t  for any a which occurs  i n  
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any t e r m  of t he  form (2.8) when 

a - < v - v 9 SO R(h, x+hv- , a )  C R(h,x+hv , V  -v- ) .  So G(h,R) nfi 
is t h e  most n a t u r a l  s u b s e t  of t h e  g r i d  G(h,G?) i n  which Au(x) i s  def ined  

f o r  a given g r id  f u n c t i o n  u on G(h,Q),  whether w e  w r i t e  A i n  t r a n s l a -  

t i o n  form (2.6) o r  i n  d i f f e r e n c e  form as a sum of terms of t h e  form (2.8).  

I f ,  f o r  a f ixed  h ,  u and f are f u n c t i o n s  on G(h,Q), then Au = f 

on G(h,R) means Au(x) = f ( x )  f o r  x E G(h,Q) n 52h,M. 

A is  expressed as a sum of such terms, 

+ -  - +  
h ,M 

W e  now s t a t e  t h e  i n t e r i o r  r e g u l a r i t y  estimate f o r  r e g u l a r  e l l i p t i c  

systems of d i f f e r e n c e  equat ions.  

Theorem 2.1 If system (2.10) i s  a r e g u l a r  e l l i p t i c  system of d i f f e r e n c e  

equat ions  of order (0,~) defined i n  R and u i s  any s o l u t i o n  of t h e  

system on t h e  gr id  G(h,R), then f o r  any i n t e g e r  k 2 0 and subdomain R1 

with compact c losure 
- 
El C R ,  

(2.17) 

The cons tan t  C depends on k, R1, and R, but  i s  independent of u and h. 

The proof of t h i s  theorem is i n  s e c t i o n  4 .  

Theorem 2 .1  is analogous t o  t h e  i n t e r i o r  r e g u l a r i t y  theorem f o r  

e l l i p t i c  systems of p a r t i a l  d i f f e r e n t i a l  equat ions  given by Agmon, e t  a l .  

[1964, p. 771 ,  which w e  res ta te  here  f o r  completeness. 

Theorem 2.1' If u (x )  i s  any s o l u t i o n  of t h e  e l l i p t i c  system of p a r t i a l  

d i f f e r e n t i a l  equations (2.1) i n  a domain R C 

k - > 0 and subdomain R1 w i t h  compact c l o s u r e  R I C  52, 

IRd ,  then  f o r  any i n t e g e r  
- 

. 
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The cons tan t  C depends on k, Q1, and 52 ,  bu t  i s  independent of u. 

One consequence of t he  i n t e r i o r  r e g u l a r i t y  estimate (2.17) is  a 

convergence theorem proved by Thomie and Westergren E19681 f o r  s i n g l e  

e l l i p t i c  equat ions .  Thei r  r e s u l t  extends t o  r e g u l a r  e l l i p t i c  systems 

of d i f f e r e n c e  equat ions .  

Theorem 2.2 L e t  Lh be a regular  e l l i p t i c  d i f f e r e n c e  ope ra to r  of 

order  ( 0 , ~ )  def ined  i n  R ,  l e t  uh and f h  be func t ions  on t h e  g r i d  

G(h,R) with \uh = f h ,  and l e t  u be a func t ion  of x i n  R.  

Suppose t h a t  

(2.18) 

and 

(2.19) 

f o r  some p o s i t i v e  i n t e g e r  k as h + O ;  then 

- 
as h -+ 0 where .Ql i s  any subdomain wi th  compact c l o s u r e  Qll( 52 and 

t = min( r , s ) .  

Proof Equation (2.20) i s  a d i r e c t  consequence of estimate (2.17) app l i ed  

to % - u followed by t h e  app l i ca t ion  of t h e  estimates (2.18) and (2.19). 

Equation (2.19) can be obtained if Lhuh = f h  approximates wi th  o r d e r  

of accuracy s an e l l i p t i c  system of d i f f e r e n c e  equat ions  Lu = f of which 

u is a so lu t ion .  I f  u i s  smooth, then  i t s  d i f f e r e n c e  q u o t i e n t s  6:u 

converge t o  i t s  d e r i v a t i v e s  
ci a u,  s o  r e s u l t s  can be obta ined  on t h e  rate 
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of convergence cf the d i f f e rence  quo t i en t s  of y, t o  t h e  d e r i v a t i v e s  of u. 

S imi l a r ly ,  if Qh i s  a d i f f e r e n c e  opera tor  approximating a d i f f e r e n t i a l  

ope ra to r  Q with order  of accuracy q then Qhuh converges t o  Qu a t  a 

ra te  depending on t and q .  Supremum-nom convergence r e s u l t s  can be 

obtained from R convergence r e s u l t s  using d i s c r e t e  Sobolev i n e q u a l i t i e s .  

The reader  i s  r e fe r r ed  t o  Thom6e and Westergren [1968] f o r  d e t a i l s .  

2 

3.  Pseudo-Difference Operators  wi th  Order 

We develop he re  the  theory  of pseudo-difference ope ra to r s  wi th  order .  

It s u f f i c e s  t o  u s e  t h e  t o r u s  

f a c e s  i d e n t i f i e d ,  as our b a s i c  domain. Let N > 0 be an i n t e g e r ,  and 

Td = IR d / ( 2 l ~ i Z )  d , i . e . ,  [0,27r] d with  oppos i te  

h = -  21T 
2 N + 1  

Define t h e  g r id  

For  v = ( v l , o * * , v d )  

G = { x .  O L V  
V ’  j -  

W e  cons ider  Cn-valued func t ions  

inne r  product  on t h i s  se t  of func 

where t h e  v ‘s are i n t e g e r s ,  l e t  x = hv. 
j V 

2 N  f o r  j = l , * * * , d )  . 

u(x) def ined  f o r  x E G .  Define an 

ions by 

1 - -  h 
2m 2N+1 ’ where 4 = - - 

The d i s c r e t e  F o u r i e r  t ransform of u i s  

a(<) is  (2N+l)-periodic i n  each . L e t  
‘j 
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. 

ixgse for 5 E r and j=l,**.,n (where The set of functions e 

(ej) is the standard basis of cCn) form an orthonormal basis of 

P,2(G)n with the inner product 

is 

j 

( *  , *)G. The Fourier inversion formula 

and Parseval's formula is 

The translation operators T: and forward difference operators 6" 

(dropping the +) defined in section 2 satisfy 

2 The norms we use are discrete Sobolev norms. The quantity A(h,hS) , 

where A(h,<) is defined by equations (2.9), corresponds to the 1 + 1tl2 
factor in the definition of continuous Sobolev norms. Therefore, if we 

set ,Ij(<) = Aj(h,hS) and A(5) = A(h,hS), then for s E IR the discrete 

Sobolev norm is defined by 
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- 111 = A,(<), Parseva l ' s  formula g ives  1 i h € j  Since 16 ( e  
J 

If s i s  a non-negative i n t e g e r ,  then 11 u 11, i s  an equiva len t  norm t o  

and the  cons tan ts  of t he  equivalence a r e  independent of h .  Notice t h a t  h and 

Td do no t  appear e x p l i c i t l y  i n  t h e  n o t a t i o n  f o r  t h e  d i s c r e t e  Sobolev norms. 

W e  t r u s t  no confusion w i l l  a r i s e .  

We w i l l  need the  fol lowing analog of P e e t r e ' s  i n e q u a l i t y .  

Lemma 3 . 1  If s ~ l R  and 5 ,  g R d  , then X ( ~ - Q ) ~ '  2Is1 A ( C ? l s l  A ( r I ) 2 s  . 

Proof I f  s = 1, t h i s  fol lows from t h e  i n e q u a l i t y  

2 el + s i n  2 Q2) - Q2) f 2 ( s i n  2 s i n  (e1 
and the s>O - case  fol lows by t ak ing  powers. 

I f  s<O, r ep lace  Q by <-q i n  t h e  s = 1 case  and raise both 

s i d e s  t o  t h e  Is1 power. 

I n  what fol lows,  t h e  dependence of G ,  r, X(c), N 7  e t c .  on h i s  understood. 
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. 

D e f i n i t i o n  3 .1  L e t  m E R. I f  p (h ,x ,< )  is an n x  n mat r ix  func t ion  of 

h,  x E G ,  and 5 E lRd , 2n-periodic i n  each 53, w e  say  t h a t  p(h ,x ,C)  E S 

if t h e r e  i s  a cons tan t  C such tha t  

m 
J , K  

W e  w i l l  w r i t e  p (h ,x ,< )  E Sm f o r  all h ,  x,Z; and f o r  5 J ,  161 5 K9 

because w e  w i l l  always assume t h a t  J and K are l a r g e  enough t o  make t h e  

fol lowing theory v a l i d .  W e  have used t h e  no ta t ion  a B  = (krl **-(krd , 

and 5: opera t e s  on p (h ,x ,< )  as a func t ion  of x. p ( h , x , < )  i s  c a l l e d  

- 

5 

m a symbol of o rde r  in. If p(h,x,l;) E SJ ,K f o r  a l l  m E lR , w e  w i l l  w r i t e  
-W 

p(h ,x ,<)  E SJ,K* 

D e f i n i t i o n  3.2 I f  p (h ,  x ,  Z;) € Sm, def ine  t h e  ope ra to r  P on l2(G)" by 

(3.11 

P i s  c a l l e d  a pseudo-difference opera tor  of order  m and w e  w r i t e  P E: PSm. 

The symbol of P, p(h,  x ,  <), i s  sometimes denoted by ap. 

Another u s e f u l  representa t ion  of t h e  opera tor  P g ives  t h e  Four i e r  

t ransform of Pu i n  terms of the  Four ie r  t ransform of u and t h e  Four i e r  

t ransform i n  x of the  symbol of P which i s  
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This  r ep resen ta t ion  is: 

m m 
E S J - l c r j , K  C lea r ly ,  if p(h,  x, E SJ ,K,  then  6' X p(h, X ,  

. Since hA(h,<) is  bounded, m-161 
JYK-181 3' p(h, x, 5) E S 5 and h 

1 m2 m t 
h p(h,  x ,  5 )  E Sm't if t > O .  - 

then q(h,  x, C) r ( h ,  x, 5) E S 

If 

m +m 

J , K  

q (h ,  x, 5) E SJ,K and r ( h , x , < )  E SJ,K , J , K  

1 2  

Every d i f f e rence  ope ra to r  of order  m def ined  on t h e  t o r u s  Td is a 

pseudo-difference ope ra to r  of o rde r  m. This  is because t h e  symbol of 

1 
J , K  

i c  1 e 
and t h e  symbol of 6 j, j-(e j- l ) ,  i s  i n  S 

J ,K  
T;, e ill*< , is  i n  S 

slal f o r  a l l  J , K .  Since 
JYK 

f o r  a l l  J , K .  So t h e  symbol of 6aT: is i n  

I f a ( x ) l  I max lDna(Y) I 
y R(h,x,a)  

f o r  any smooth func t ion  (where R(h,x,a) is t h e  d-dimensional r e c t a n g l e  

given by (2.12)) ,  t h e  remarks above imply t h a t  t h e  symbols of ope ra to r s  of 

t h e  form (2.8) which s a t i s f y  the  

Srn. 

It is  a l s o  easy t o  check t h a t  

condi t ions  l i s t e d  a f t e r  (2.8) are i n  

f o r  each m E: E, h(h ,5)m r Sm f o r  a l l  
J ,K 
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B J , K .  Induct ion on 161 shows tha t  A(h,c)m is  a l i n e a r  combination 

of terms of t h e  form 

where a ,  b j ,  c j  are non-negative i n t e g e r s  s a t i s f y i n g  

5 
The des i r ed  r e s u l t  fo l lows  immediately s i n c e  hn(h ,<)  and h-' A(h,<)-'I s i n  $ I 
are both bounded. We write Am f o r  t h e  ope ra to r  w i th  symbol A(h,<)m . 

The order  of a pseudo-difference ope ra to r  determines t h e  degree of 

smoothness (measured i n  terms of the d i s c r e t e  Sobolev norms) which i s  l o s t  

o r  gained when P is appl ied  t o  a g r i d  func t ion  u.  

Theorem 3.1 I f  p (h ,x ,<)  E Sm, then  t h e r e  is  a cons t an t  C independent 

of h and u such t h a t  

llpu lls-m - < cl lu  IIs - 

We f i rs t  need a lemma. 

wi th  r > d ,  then Lemma 3.2 If p(h ,x ,<)  E SJ+r,K m 
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where C i s  independent of h. Conversely, i f  p (h ,  x ,  <) is  a f u n c t i o n  of 

h ,  x E G ,  and 5 E IR , 2n-per iodic  i n  each Sj, f o r  which ( 3 . 3 )  ho lds ,  

then p(h ,x ,<)  E SJ ,K* 

d 

m 

-m I f  p(h,x,S) s a t i s f i e s  ( 3 . 3 ) ,  w e  say  j)(h,x,<) E S 
JYK * 

Proof For < J + r ,  If31 5 K ,  - 

Summing over la1 < J+r wi th  appropr i a t e  weights,  - 

- h ( ~ ) ~ + '  13, B $ (h ,q ,< )  h J B I  A(h,<)-mtlBII < C. 

The r e s u l t  follows s i n c e  

Conversely, if ( 3 . 3 )  ho lds ,  then  
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h 2(s-m) A Proof of Theorem 3 . 1  L e t  v(Q) = x(rl)  Pu(rl). Then 

A h 

by t h e  (2N+l)-per iodici ty  of ~ ( q )  and p(h,r),hS) in each r) 

Applying t h e  Schwarz i n e q u a l i t y  and Lemmas 3.1 and 3.2, 

j' 

I c II u II II 

Divide by 11 t o  o b t a i n  t h e  theorem. 
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The product of two pseudo-difference o p e r a t o r s  is  aga in  a pseudo- 

d i f f e r e n c e  opera tor  whose symbol i s ,  t o  h i g h e s t  o r d e r ,  t h e  product of t h e  

symbols of t h e  two ope ra to r s .  

2 m ml 
Theorem 3 . 2  If q (h ,x ,< )  E: S , r (h ,x ,S )  E S , and P=QR, then  P i s  

a pseudo-difference ope ra to r  w i th  symbol p(h,x, l ; )  S given by mlCm2 

( 3 . 4 )  

Proof c 
B E T  

, by t h e  (2N+1) - p e r i o d i c i t y  of ^q(h,n,C) and ?(h ,q ,<)  i n  each Q and 
j 

t h e  2~r-per iodic i ty  of G(h,rl,<) i n  each 5 So  
j' 

. 
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where $(h,q,<) is given by ( 3 . 4 ) .  Define 

. 

as a sum of terms of the form 

for ylB, each of which is bounded by 

1 

by Lemma 3.1, where IJ = 

m2 m 
which is bounded by Lemma 3.2 since q E S and 1: E S . 

ml+m2 
So by Lemma 3.2, p E s 
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by t h e  (2N+l)-periodicity of ^q(h,v,<) i n  each n j' So 

-m -m +1+1 B I  
can be w r i t t e n  as a B I B I  1 2  

For I B l  I K, a, c1(h,n,5) h A(h,5> 

sum of terms of t h e  form 

for any y 5 6 where v(<) = Q(h,q-8,5). For  f i x e d  r1,0 € r ,  and 5 ,  
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PI - < 5 IT X(0) and X(te) 5 A(€) )  f o r  O I t z 1 .  So 

This implies 

m2 
which is bounded by Lemma 3.2 since q E s”’ and r E S . So by Lemma 3.2, 

m1+m2- 1 
P I  E s . This proves Theorem 3.2. 

;o +m -1 1 2 .  
and r (h ,x, 5) commute, then QR-RQ E PS 

m +m -1 
Proof u - 0 = (aQR - q r )  - (oRq rq) E S by Theorem 3.2. 

QR RQ 
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The a d j o i n t  o f  a l i n e a r  ope ra to r  A on R2(G)n  is  t h e  l i n e a r  ope ra to r  

A* f o r  which 
* 

(Au,vIG = (u,A vIG 

2 f o r  a l l  u, v E R (G)n. The a d j o i n t  of a pseudo-difference ope ra to r  P is  

aga in  a pseudo-difference opera tor  whose symbol is, t o  h ighes t  o rder ,  t h e  

conjugate  t ranspose p of t h e  symbol p of t h e  o r i g i n a l  opera tor .  Note t h a t  

t he  * on a symbol denotes  a mat r ix  a d j o i n t ;  on an ope ra to r  i t  denotes  an 

opera tor  ad jo in t .  

* 

* 
Theorem 3 . 4  If p (h ,x ,< )  E Sm, then  P is a pseudo-difference ope ra to r  

with symbol q(h,x,<)  E Sm given by 

* 
Moreover, if r ( h , x , < )  = p ( h , x , S )  , then  r ( h , x , < )  E Sm and 

Proof 

so 

. 
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where G(h,q,<) is  given by ( 3 . 7 ) .  

L e t  1-I = SUP Then by Lemma 3 . 1 ,  us ing  the no ta t ion  

I d5  K 
of ( 3 . 5 )  Y 

which is  bounded by Lemma 3 . 2  since p E Sm. Hence q E Sm. 

Clea r ly  r E Sm and 

* 
L e t  ~ ( 5 )  = $(h,-n,<) . As i n  t h e  proof of Theorem 3 . 2 ,  w e  can show t h a t  

whi& i s  bounded by Lemma 
m- 1 3.2.  Hence q-r E S . 
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W e  complete t h i s  s e c t i o n  with a proof of Gsrding 's  I n e q u a l i t y .  

an  i n t e r p o l a t i o n  i n e q u a l i t y .  

We need f i r s t  

Lemma 3 . 3  L e t  s1 < s2 < s be real  numbers. Given E>O, t h e r e  is  a 

cons tan t  CE depending on E, sl, s2, s 3  such t h a t  

3 

(3.8) 
2 2 2 

II u lls 1. E I I  u lls + CE II IIs 
2 3 1 

Proof For 5 E I-, 

Choose M>O s o  l a r g e  t h a t  ( 4  s;;2(1+M 2 ) ) '2- '3 I E .  

2 (s2-s1) 
and CE = (1+M ) . Then 
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* 
I f  p i s  an nxn mat r ix ,  define R e  p = (p + p ) / 2 .  

If pz z 2 1 2 1 ~ 1 ~  f o r  a l l  z E e" (where w a  = c W j z j )  we w r i t e  

p 2 CI o r  j u s t  p L 2 .  I f  P i s  a l i n e a r  opera tor  on 11.2(G)n, de f ine  

R e  P = (P + P*) /2 .  

Theorem 3.5 (G;rding's Inequal i ty)  I f  p (h ,x ,<)  E So i s  an nxn mat r ix  

symbol and R e  p(h ,x ,<)  2 Cg > 0,  then f o r  any 6>0 and s<O t h e r e  i s  a 

cons t an t  C such t h a t  
s,E: 

( 3 . 9 )  

Proof We f i r s t  show t h a t  i f  r (h ,x ,<)  E So is a hermi t ian  matrix symbol 

and r ( h , x , c )  I C1 > 0, then t h e  matrix square roo t  b (h ,x ,< )  of r(h,x,z;) 

( t h e  unique hermi t ian  matrix w i t h  p o s i t i v e  eigenvalues  for which b2 = r) 

a l s o  i n  So and 

is 

(3.10) R e  R - B*B E PS-' . 

C2 such 0 
Since  r is hermit ian and i n  S , t h e r e  is  a p o s i t i v e  cons tan t  

t h a t  a l l  t h e  eigenvalues  of r(h,x,z;) f o r  any h,x,< a r e  i n  t h e  real i n t e r v a l  

[C,, C2]. Let y be a smooth curve i n  t h e  r i g h t  ha l f  p lane  i n  c surrounding 

[C1,C2]. Then 

(3.11) 

where i s  the  branch of t h e  square r o o t  which is  p o s i t i v e  on the  p o s i t i v e  
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real axis; see Chapter 10 of Rudin [1973] for details. For any z E y 

and any h, x, 5 ,  I (zI-r(h,x,<))-'I 
distance from y to [C19c21. If A(t) is a matrix function of a real 

variable t, then 

is bounded by the reciprocal of  the 

-1 @ A-l and 6A-1 = -A(t+h)-' 6A A(t)-'. d -1 - A  =-A 
dt dt (3.12) 

Differentiating and differencing under the integral sign in equation (3.11), 

it is easy to show by induction on la1 + 161 that b(h,x,C) satisfies 

Definition 3.lwith m = 0 .  Theorem 3.4 implies 0 

-%*) b E S-l . b - a B * E S  , so r - o * b = ( b  

aB* b - 0 E S - I ,  so aReR - E S , proving (3.10). 

- r E s - ~  and ReR 

Theorem 3.3 implies -1 
B 

-1 
B*B 

* Next we prove the theorem for the case s = -3. Let r = +(p+p ) - 
E 

0 (C0-&)I. Then r > E, rE E S , and r 

and 0 

is hermitian, so  bE = r * E So 
E -  E E 

E S-'. By theorem 3.4, 0 - 0  - KO - &)I E s-l, ReR, - 'B*B E ReP ReR, 
so 

E s- l .  ReP q, = (c~-E)I + aB*B - 0 
E €  

By Theorem 3.1, 
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. 
(3 .13 )  

which proves (3.9) for s = -1/2. 

Using (3.13) wi th  E: replaced by ~ / 2  and Lemma 3.3 wi th  E replaced 

by 2 c E / 2  (where CEI2 comes from (3.13))y 

which proves ( 3 . 9 ) .  

4. Regular i ty  Estimates on a Torus and Proof of Theorem 2 . 1  

I n  this  s e c t i o n  w e  prove t h e  i n t e r i o r  r e g u l a r i t y  estimate Theorem 2.1 

and analogous r e s u l t s  f o r  r egu la r  e l l i p t i c  pseudo-difference opera tors  

d def ined on t h e  t o r u s  T , which we now def ine .  

u +T 
j f o r  n Def in i t i on  4.1 L e t  U,T E Z  . Suppose kij(h,xy5) E S 

i , j  = l , - * * , n  and E(h,x,<) i s  the mat r ix  symbol whose elements are 

k i j (h ,x ,<) .  We say t h a t  4 h , x y < )  is  r e g u l a r  e l l i p t i c  of order  (u,T) 

i f  t h e r e  are p o s i t i v e  cons tan ts  C y  E,, ho such t h a t  



-34- 

n 

i= 1 
f o r  hS, I ] < I r n  5 7~ and h 5 h o  where 2p = (a i  + 'ci). 

I f  ai = 0 and T~ = m f o r  a l l  i, w e  say t h a t  R(h,x,<)  is  r egu la r  

e l l i p t i c  of homogeneous o rde r  m. We say  t h a t  a pseudo-difference ope ra to r  

L i s  r e g u l a r  e l l i p t i c  of o rde r  ( a , ~ )  o r  of homogeneous o rde r  m i f  i t s  

symbol is .  This d e f i n i t i o n  is obviously t h e  pseudo-difference analogue of 

d e f i n i t i o n s  (2.1) and (2 .2 ) .  

Lemma 4.1 If p(h,x,S) f Sm is r e g u l a r  e l l i p t i c  of homogeneous order  

m L O ,  then  f o r  hS, 5 lC . lm  i T and h 5 ho, t h e  mat r ix  p (h ,x ,< )  is  

i n v e r t i b l e  and there  is a cons t an t  C such t h a t  

Proof 

terms, each of which is  a product  of n-1 elements of p ( h , x , < ) .  So 

Each element of p(h,x,<)-'  i s  (det p ( h , x , < ) ) - l  times a sum of 

We now cons t ruc t  a paramet r ix  q f o r  t h e  symbol p,  t h a t  i s ,  an 

-00 
i nve r se  f o r  p modulo S symbols. 

Lemma 4.2 I f  p(h,x,C) E Sm is regu la r  e l l i p t i c  of homogeneous o rde r  

m 1 0, then  there  e x i s t s  a symbol q(h,x,S)  E S-m such t h a t  
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is independent of x and +(h,G) E S-03 . 

' 

71 
i n  D e f i n i t i o n  4.1.  Choose h o z  25, Proof C lea r ly  we may assume 

@ ( t )  E Coo@) such t h a t  0 I @(t) 5 1, $ ( t )  = 1 f o r  It1 < C,, and 

@(t) = 0 f o r  I t1 > 25,. Define 

and extend $(h,<)  t o  be 2r-periodic i n  each 5 It is easy t o  show 

t h a t  $(h,5) E SJ,K f o r  a l l  m l E R  and a l l  J,K. L e t  X(h,<) = 1 - +(h,C),  

j '  
m 

and d e f i n e  

w e l l  def ined ,  and equat ion  (4.3) holds. 

Using Lemma 4.1 and equat ions (3.121, it is  n o t  d i f f i c u l t  t o  show t h a t  
0 

q(h,x,C) E: S'm. An i nduc t ion  on la1 + 181 is  needed t o  v e r i f y  t h a t  

q ( h , x , t )  s a t i s f i e s  D e f i n i t i o n  3.1. 

Theorem 4.1 Suppose p(h,x,<)  E Sm is  r e g u l a r  e l l i p t i c  of homogeneous 

o r d e r  m 2 0 and l e t  s and t be any r ea lnumbers .  Then t h e r e  is a 

cons tan t  C independent of h such t h a t  i f  Pu = f ,  then 

( 4 . 4 )  
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Proof We may assume h I ho  s i n c e  t h e  estimate ( 4 . 4 )  i s  c l e a r l y  t r u e  

f o r  ho S h I hmax. L e t  q (h ,x ,g)  and X(h,<) be as i n  Lemma 4.2.  By 

Theorem 3 . 2 ,  the symbol of t h e  ope ra to r  QP can be w r i t t e n  as 

-1 
where r l (h ,x ,<)  E S . Since qp = X = 1 - $, 

-1 where r = rl - $ is  a l s o  i n  S . I f  Pu = f ,  then QPu = Qf, s o  

u = Qf - Ru. We may assume t h a t  s+m-t is  a p o s i t i v e  i n t e g e r ;  lowering 

t h e  va lue  of t i f  necessary only makes equat ion  ( 4 . 4 )  s t ronge r .  I f  

t I j I s+m-1, then 

This  las t  inequa l i ty  is a r e s u l t  of Theorem 3 . 1 .  Applying t h i s  i n e q u a l i t y  

f o r  j = t ,  t + 1, ** . ,  s + m - 1, w e  o b t a i n  
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We now apply Theorem 4 . 1  t o  o b t a i n  an e s t ima te  s i m i l a r  t o  equat ion  

( 4 . 4 )  f o r  r e g u l a r  e l l i p t i c  symbols of order  (0,~). 

Lemma 4.3  I f  p ( h , x , < )  E Sm i s  r egu la r  e l l i p t i c  of homogeneous order  m 

m 
and r (h ,x ,S )  E: S with  m 1 < m ,  then p (h ,x ,< )  + r ( h , x , < )  i s  r e g u l a r  

e l l i p t i c  of homogeneous order  m. 

Proof Expanding out  t h e  products i n  d e t ( p ( h , x , < )  + r (h ,x , c ) )  , we g e t  

d e t  p ( h , x , < )  

of elements of p o r  r wi th  a t  least one f a c t o r  coming from r;  each 

term i n  t h i s  l a t t e r  sum i s  bounded by A(h,c) 

p l u s  a sum of terms, each of which i s  a product of n f a c t o r s  

(n-llm + ml . Thus 

nm ( n - l ) h l  
nm > (n-l)m + ml, CA(h,<) dominates CIA(h,S) i f  w e  i n c r e a s e  

5, s u f f i c i e n t l y .  The lemma follows. 

D e f i n i t i o n  4.2 I f  cl E: Zn , define t h e  matr ix  symbol 

(5 

9 A(h,S) 0 . .  t h e  diagonal  mat r ix  wi th  diagonal  e n t r i e s  A(h,<) , 

L e t  ha denote the  opera tor  with symbol Acl(h,S). I f  s E E, d e f i n e  
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Theorem 4 . 2  If R(h,x,<) is regular elliptic of order ( 0 , ~ )  and s and 

t are real numbers, then there is a constant C independent of h such 

that if Lu = f ,  then 

Proof Let p(h,x,<) = ,2-'(h,<) R(h,x,<) A-T(h,<). Then 

So p(h,x,<) is regular elliptic of homogeneous order 0. Note that 

-0 -T 
A j .  i - -cy - 

Lij P = L A j. Define P = A-' L A-T. Then Pij = 
ij ij 

By Theorem 3 . 3 ,  the symbol of 

-0 -0 - 
Pij - Pij 

- -1 is in S . By Lemma 4 . 3 ,  P is regular elliptic of homogeneous order 0. 

Suppose Lu = f. Then 

-0 
P ATu = A-' L u = A f 

so by Theorem 4.1, 
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with  t a r b i t r a r i l y  s m a l l .  Hence 1 

W e  remark t h a t  equat ion  ( 4 . 2 )  is t h e  only proper ty  of r egu la r  e l l i p t i c  

(beyond t h e  f a c t  t h a t  they are symbols) symbols of homogeneous o rde r  m 

which i s  used i n  the  proof of Theorem 4.1. 

i n  D e f i n i t i o n  4 .1  f o r  t h e s e  symbols which lead  t o  (4 .2) ,  f o r  example, 

We could have used o t h e r  c r i t e r i a  

We now p resen t  t h e  proof of Theorem 2.1. 

Proof of Theorem 2.1 Svppose the r egu la r  e l l i p t i c  system of d i f f e r e n c e  

equat ions  (2.10) is  def ined  i n  R. L e t  M be t h e  union of a l l  t h e  sets 

M which occur when we  w r i t e  t h e  d i f f e rence  ope ra to r s  L i n  t h e  form 

of equat ion  (2.6). I f  0 is an  open s u b s e t  of 52 and 0 
i j  

is  def ined  
h sM 

as i n  equat ion  (2.16) , then  f o r  a given h and x E Oh,M, Lu(x) depends 

on ly  on t h e  values of u i n  0. 
- 

Let  Ql be a subdomain with compact c losu re  fil C 52. Without loss 

of g e n e r a l i t y ,  w e  may assume t h a t  t h e r e  is an open cube 

Q1 C 0 C< C R ;  any R- 1 

!4 which do have t h i s  proper ty ,  and t h e  estimate (2.17) f o r  can be 

Q such t h a t  
- 

is t h e  union of a f i n i t e  number of subdomains of 

ob ta ined  from t h e  estimates (2.17) f o r  t h e s e  subdomains. 
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For any fixed hl > 0,  e s t ima te  (2.17) is  c l e a r l y  t r u e  i f  we r e s t r i c t  

h t o  t h e  i n t e r v a l  [hl ,  hmax 1 .  We w i l l  choose hl t o  s a t i s f y  a f i n i t e  

number of condi t ions.  Then w e  only have t o  prove (2.17) f o r  0 < h 5 hl. 

d d 
We may assume Q i s  ( 0 , 2 ~ )  . Although Q i s  a subse t  of R C  IR , 

w e  may a l s o  i d e n t i f y  Q wi th  t h e  open subse t  ( 0 , 2 ~ ) ~  of Td s o  t h a t  w e  

may use t h e  theory of pseudo-difference ope ra to r s  which w e  have developed. 

We may a l so  assume t h a t  f o r  h 5 hl,  t h e  g r i d s  G ( h , R ) n  Q considered 

are a l l  g r i d s  on t h e  t o r u s  of t h e  kind d e a l t  w i th  i n  s e c t i o n  3 ,  i . e . ,  

h = 2Tr/(2N+l). Although t h e  theorem i s  s t a t e d  f o r  a continuum of va lues  

of h ,  w e  w i l l  cons ider  only a d i s c r e t e  set  of va lues  of h tending t o  

zero ;  c l e a r l y  the d e t a i l s  necessary t o  extend our  arguments t o  a l l  h i n  

0 h - < hl can be worked out .  

L e t  r = max r + k + 1. For r = l , 2 , * * * , r m ,  l e t  Ibr be Co3 
m j 

func t ions  defined on Q wi th  compact suppor t  K such t h a t :  OS$,< 1; 

o1 = 1 on a neighborhood of R1; f o r  1 5 r < rm -1, @r+l E 1 on a 

r 
- 

neighborhood of K * and Kr C Q .  L e t  or be t h e  i n t e r i o r  of t h e  set  r '  m 

- 
f o r  l l r l r .  m 

where or 5 1, and set (yrn+l = Q. Then K r C  ortl 

Choose h l > O  so  small t h a t  f o r  0 < h 5 hl,  t h e  fol lowing holds:  

d f o r  each x c  IR f o r  which R(h,x,k- tT)nz # 8, R(h,x,k+T) O1; 

Kr C 0::; f o r  1 S r 5 rm; f o r  each x c  IRd f o r  which R(h,x,k-O)nKr # @, 

1 

m 

R(h,x,k-a) C Q; and G C  For t h e  rest of t h e  proof assume h 5 hl. 

Then 
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For 1 5 r I rm, 

L e t  +: I R ~  -+ 

i s  t h e  i d e n t i t y  on a 

11 k-0 ‘l1@rf IL,k-o,Td Ik,k-fJ,Q ’ 

Q be a Cu) func t ion ,  2 ~ - p e r i o d i c  i n  each x which 

neighborhood of Kr . Define 

j’ 

on Td t o  be t h e  
m 

ope ra to r  w i th  symbol 

... 
C l e a r l y  L is  a r egu la r  e l l i p t i c  d i f f e r e n c e  ope ra to r  on Td of o rde r  

(a ,~ ) ,  and f o r  1 S r 5 rm -1, 

L e t  s be an i n t e g e r ,  1 - max T 5 s 5 k, and l e t  r = k+l - s.  
j 

.., 
Then 1 I r 5 rm -1. Applying Theorem 4.2 to L and ($ru, 
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0 
where Or i s  the opera tor  wi th  symbol @,(x) E S . By Theorem 3 . 3 ,  

Combining (4 .9 ) ,  (4.101, (4.71, and s <, ky 

(4.11) 

Applying (4.11) success ive ly ,  s t a r t i n g  wi th  s=k, r=1, ending wi th  

s = 1-max T r = r -1, and not ing  t h a t  j' m 

we  ob ta in  

(4.12) IbIUI&+q (11 lk,k-o,Q + l l u I ~ h Y ~ , 9 )  

The theorem f o l l o w s  from equat ions  ( 4 . 6 )  and (4.12).  
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5 .  Discussion and Examples 

This  s e c t i o n  is  w r i t t e n  t o  be a guide t o  t h e  main r e s u l t s  of t h i s  paper  

and t o  i l l u s t r a t e  some of t h e  important concepts.  W e  begin wi th  a d i scuss ion  

of t h e  two d i f f e r e n c e  schemes which were presented  i n  Sec t ion  1. W e  then  

p resen t  some r e g u l a r  and non-regular d i f f e r e n c e  schemes f o r  t h e  Stokes equa- 

t i o n s .  These i l l u s t r a t e  t h e  i n t e r i o r  r e g u l a r i t y  r e s u l t s  of Sec t ion  4 .  We 

c l o s e  t h i s  s e c t i o n  wi th  a s h o r t  d i scuss ion  of t h e  f a c t o r s  t o  be considered 

i n  choosing a d i f f e r e n c e  scheme. 

Consider aga in  t h e  examples of d i f f e r e n c e  schemes g iven  i n  Sec t ion  1 

f o r  t h e  Cauchy-Riemann equat ions  (1.1) on t h e  u n i t  square.  For t h e  boundary 

d a t a  take 

2 
U(1,Y) = 1-Y U ( 0 , Y )  = -Y 

v(x,O) = 0 v ( x , l )  = 2x. 

2 

The s o l u t i o n  t o  t h e  p a r t i a l  d i f f e r e n t i a l  equat ions  w i t h  t h i s  boundary d a t a  is 

v(x,y)  = 2xy. 

The centered  d i f f e r e n c e  scheme (1.2) is  n o t  r e g u l a r  s i n c e  its symbol is 

i s i n  B/h -i s i n  $/h 

i s i n  $/h i s i n  8/h I 
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and t h e  determinant of t h e  symbol i s  

- ( s i n 2  e + sin’ @)h-2. 

Since t h i s  determinant vanishes  f o r  5 = ( e , $ )  = ( l T , l T )  t h e  scheme 

cannot s a t i s f y  an estimate of t h e  form (2.11) and thus  i t  is  non-regular. 

This  scheme requi res  boundary condi t ions  i n  a d d i t i o n  t o  (5.1) t o  determine 

t h e  s o l u t i o n .  For these  w e  use  one-sided d i f f e r e n c e s  a t  t h e  boundary, i .e .  

h 2h 

h 2h 

- u  V - v  i,l i , O  
= i + l , O  i -1,0 - U 

2h h 

j ~ - ~ i , ~ - 1  i = l , * * * N - l  . - u  V - i+l , N i-1, N u 

2h h 

Here h = 1 / N  and N is  an even i n t e g e r .  

The so lu t ion  t o  t h e  d i f f e r e n c e  equat ions (1.2) wi th  boundary d a t a  (5.1) 

and (5.2) is  
= i h  2 2  - j h  2 2  + E  = X 1 - Y j  + E i  u 

i j  i 

= 2x.y (5.3) 2 
V = 2 i j h  

i j  l j  9 
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where Ei = 0 f o r  i even and E = -h f o r  i odd. Th i s  s o l u t i o n  is  i 

second o rde r  accu ra t e  as one would expect from t h e  formal  second-order 

accuracy of t h e  scheme, bu t  no te  t h a t  t h e  s o l u t i o n  is no t  as smooth as one 

would expect  based on the  r e g u l a r i t y  p r o p e r t i e s  of t h e  d i f f e r e n t i a l  equat ions .  

I n  p a r t i c u l a r  (6;l3uij = O(h-l) and thus  no estimate of t h e  form (2.17) 

i n  Theorem 2.1 can hold f o r  t h i s  scheme. 

The s taggered  scheme (1.3) is  e a s i l y  seen  t o  be a r e g u l a r  scheme and 

thus  s a t i s f i e s  i n t e r i o r  r e g u l a r i t y  e s t ima tes  by Theorem 2.1. I n  f a c t ,  t h e  

s o l u t i o n  of scheme (1.3) w i th  boundary d a t a  (5.1) ag rees  wi th  t h e  s o l u t i o n  

of t h e  d i f f e r e n t i a l  equat ions a t  the g r i d  po in t s .  

from equat ion  (5.3) 
"ij 

The d iv ided  d i f f e r e n c e  wi th  respec t  t o  x of 

i s  only  a f i r s t - o r d e r  accu ra t e  approximation t o  t h e  d e r i v a t i v e  of u ,  i .e.  

+ h = -&I + h. X - 
hr xi+1/2 6+%j = xi+1/2 - 

This  l o s s  of accuracy is a consequence of t h e  non-regular i ty  of t h e  

scheme and shows t h a t  an estimate such as (2.20) of Theorem 2.2 can n o t  

hold f o r  t h i s  scheme. 

As a f u r t h e r  i l l u s t r a t i o n  of the theory,  w e  examine two d i f f e r e n c e  

approximations t o  t h e  Stokes equations on a uniform g r i d .  

t i o n s  f o r  two-dimensions are given by equat ions  (2.5). W e  w i l l  cons ider  

only homogeneous da t a ,  i .e. fi-O. For t h e  f irst  d i f f e r e n c e  approximation 

cons ider  using t h e  usua l  f ive-point  s t e n c i l  f o r  t h e  Laplacian and c e n t r a l  

d i f f e r e n c e s  f o r  t h e  f i r s t  de r iva t ives .  This  can be  w r i t t e n  as 

The Stokes equa- 
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+ -  

( 5 . 4 )  

6; Uij + 6 Y  v 0 i j  
= o  

where 6; i s  the c e n t r a l  d i f f e r e n c e  opera tor  i n  x, 

and s i m i l a r l y  f o r  6:. 

6; = (6: + Sx)/2,  - 

The symbol f o r  t h i s  system of d i f f e r e n c e  equat ions  i s  

where A i  = 

0 

(i s i n  8 ) / h  ( i  \ s i n  @) /h  O /  

@)l)h-2, and i t s  determinant  is 

-4(s in  2 ($8)  + s i n  2 (*@ ) ) ( s i n  2 6 +  s i n  2 $)h -4 .  

Note t h a t  the determinant  vanishes  a t  r; = (e,@) = ( O , I T ) ,  ( I T , O ) ,  

and (T,IT) i n  add i t ion  t o  r; = (0,O). This  i m p l i e s  t h a t  i n e q u a l i t y  (2.11) 

can no t  hold and thus  t h i s  approximation is  a non-regular system of d i f f e r e n c e  

equat ions.  

To remedy the non-regular i ty ,  w e  r ep lace  t h e  c e n t r a l  d i f f e r e n c e s  by 

one-sided d i f f e rences ,  such as, 
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( 5 . 5 )  

X (6. + -  sX + 6 1  sy  I l l i j  + 6- pij = 0 

Y + 6- pij = 0 (6: 6: + 6, Y Y  6- ) V i j  

X 

The symbol f o r  t h i s  system is  

2 
0 -A 0 

0 

(eie - l ) / h  (ei' - l ) / h  

= 0. 

(1 - e-i') /h 

0 

with  determinant  

-AO = 16(sin2(*e) + ~ i n ~ ( * e ) ) ~ h - ~  . 

Clea r ly  t h e  estimate (2.11) is s a t i s f i e d .  

It fol lows from Theorem 2.1 t h a t  s i n c e  t h e  scheme (5.5) is regu la r ,  i t  

s a t i s f i e s  i n t e r i o r  r e g u l a r i t y  estimates analogous t o  t h e  r e g u l a r i t y  estimates 

f o r  t h e  Stokes equat ions.  I n  p a r t i c u l a r ,  
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f o r  k > 0 and domains al and R s a t i s f y i n g  t h e  hypotheses of Theorem 2 . 1 .  

The system ( 5 . 4 )  does n o t  s a t i s f y  such an estimate. 

The system (5.5) i s  formally second-order accu ra t e  i f  one uses  a 

s taggered mesh and makes t h e  fol lowing assignments,  

v and p t o  t h e  l o c a t i o n  (xi, y . )  t h e  scheme 
i j 7  i j 7  i j  J 

By ass igning  u 

( 5 . 4 )  is formally second-order accu ra t e  and t h e  scheme (5.5) is  formally 

f i r s t - o r d e r  accurate. 

We o f f e r  t hese  comments on t h e  use of r e g u l a r  and non-regular schemes. 

For a d i f f e rence  scheme t o  be r egu la r  and t o  have more than f i r s t  o rde r  

accuracy it  f r equen t ly  happens t h a t  t he  mesh must be a s taggered  mesh. A t  

l e a s t  t h i s  is t r u e  f o r  t he  examples of systems considered i n  t h i s  paper.  

For simple l i n e a r  e l l i p t i c  systems such as t h e  Cauchy-Riemann equat ions  (1 .2)  

and the  Stokes equat ions (2.5), staggered r e g u l a r  schemes p resen t  no 

se r ious  d i f f i c u l t i e s  t o  implement. However, f o r  more complicated systems, 

staggered g r i d s  can cause problems. 

g r i d s  present  d i f f i c u l t i e s  when they involve v a r i a b l e s  which are no t  def ined 

on t h e  boundary coord ina te  l i n e .  Also t h e  a d d i t i o n  of lower o rde r  terms t o  

the sys t ems  (1.1) o r  (2.5) would n e c e s s i t a t e  t h e  averaging of v a r i a b l e s  i n  

the regular  d i f f e rence  approximation (1.3) and (5.5) i f  t h e  formal second-order 

Boundary cond i t ions  wi th  s taggered  
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accuracy i s  t o  be maintained. 

For more complicated equat ions involving lower o rde r  non-l inear  terms, 

as i n  t h e  incompressible  Navier-Stokes equat ions ,  o r  f o r  s i t u a t i o n s  i n  which 

t h e  e l l i p t i c  system is only p a r t  of a l a r g e r  system of equat ions ,  t h e  advantage 

of r e g u l a r i t y  may no t  be worth t h e  a d d i t i o n a l  complexity e n t a i l e d  by t h e  

s taggered  g r i d .  I n  such s i t u a t i o n s  a non-regular d i f f e r e n c e  scheme may pre- 

s e n t  t h e  g r e a t  advantage of being s impler  t o  implement. 

As an example of a non-linear system similar t o  t h e  Cauchy-Riemann 

equat ions  which is  solved using a s taggered g r i d ,  w e  r e f e r  t o  Dendy and 

Wendroff [1979]. 

For a non-regular scheme, t h e  i n a b i l i t y  of t h e  determinant t o  s a t i s f y  

i n e q u a l i t y  (2.11) i n d i c a t e s  t h a t  the  h igh  frequency components of t h e  solu- 

t i o n  do n o t  depend cont inuously on t h e  d a t a  of t h e  continuous problem. The 

e l imina t ion  of these  spur ious ,  high frequency components r e q u i r e s  a c a r e f u l  

t rea tment  a t  t h e  boundaries.  

Moreover, as shown i n  t h e  first example d iscussed  i n  t h i s  s e c t i o n ,  non- 

r e g u l a r i t y  of a scheme can cause the d iv ided  d i f f e r e n c e s  of t h e  s o l u t i o n  t o  

approximate d e r i v a t i v e s  wi th  less accuracy than  t h a t  of t he  o v e r a l l  scheme. 

For r e g u l a r  schemes t h i s  is  no t  so,  as shown by Theorem 2.2. This  provides  

a p a r t i a l  answer t o  t h e  ques t ions  posed by Roache [1974, page 3421 on t h e  

r e l a t i v e  accuracy of t h e  s taggered meshes as opposed t o  non-staggered meshes. 

A s  a gene ra l  r u l e  then,  regular  d i f f e r e n c e  schemes g ive  smoother (i.e. 

r e g u l a r )  s o l u t i o n s  a t  t h e  p r i c e  of g r e a t e r  complexity of implementation 

when s taggered g r i d s  are requi red .  Non-regular schemes can be s impler  than 

r e g u l a r  schemes bu t  r e q u i r e  g r e a t e r  care t o  maintain t h e  necessary accuracy 

and smoothness of t h e  so lu t ion .  
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